A set of compressible flow relations describing flow properties across oblique shock waves, derived for a thermally perfect, calorically imperfect gas, is applied within the existing thermally perfect gas (TPG) computer code. The relations are based upon the specific heat expressed as a polynomial function of temperature. The updated code produces tables of compressible flow properties of oblique shock waves, as well as the original properties of normal shock waves and basic isentropic flow, in a format similar to the tables for normal shock waves found in NACA Rep. 1135. The code results are validated in both the calorically perfect and the calorically imperfect, thermally perfect temperature regimes through comparisons with the theoretical methods of NACA Rep. 1135. The advantages of the TPG code for oblique shock wave calculations, as well as for the properties of isentropic flow and normal shock waves, are its ease of use and its applicability to any type of gas (monatomic, diatomic, triatomic, polyatomic, or any specified mixture thereof).
Introduction
The traditional computation of one-dimensional (1-D) isentropic compressible flow properties, and properties across normal and oblique shock waves, has been performed with calorically perfect gas equations such as those found in NACA Rep. 1135
1 . When the gas of interest is air and all shock waves present are normal to the flow direction, the tables of compressible flow values provided in NACA Rep. 1135 are often used. For shock waves in air that are oblique to the flow direction, NACA Rep. 1135 contains charts of certain flow properties. These tables and charts were generated from the calorically perfect gas equations with a value of 1.40 for the ratio of specific heats γ. The application of these equations, tables, and charts is limited to that range of temperatures for which the calorically perfect gas assumption is valid. However, many aeronautical engineering calculations extend beyond the temperature limits of the calorically perfect gas assumption, and the application of the tables or equations of NACA Rep. 1135 can result in significant errors. These errors can be greatly reduced by the assumption of a thermally perfect, calorically imperfect gas in the development of the compressible flow relations. (For simplicity within this paper, the term thermally perfect will be used to denote a thermally perfect, calorically imperfect gas.) Previous papers 2,3 described a computer code, and the underlying mathematical formulation, which implements 1-D isentropic compressible flow and normal shock wave relations derived for a thermally perfect gas. The current paper, along with a related NASA contractor report 4 , presents an enhanced computer code, and the corresponding mathematical derivation, for the computation of the oblique shock wave relations based upon the assumption of a thermally perfect gas.
A calorically perfect gas is by definition a gas for which the values of specific heat at constant pressure c p and specific heat at constant volume c v are constants. NACA Rep. 1135 1 , as well as many compressible flow textbooks, derive and summarize calorically perfect compressible flow relations based upon this definition. The accuracy of these equations is only as good as the assumption of a constant c p (and therefore a constant γ). For any non-monatomic gas, the value of c p actually varies with temperature and can be approximated as a constant for only a relatively narrow temperature range. As the temperature increases, the c p value begins to increase appreciably due to the excitation of the vibrational energy of the molecules. For air, this phenomenon begins around 450 to 500 K. The variation of c p with temperature (and only with temperature) continues up to temperatures at which dissociation begins to occur, approximately 1500 K for air. Thus, air is thermally perfect over the range of 450 to 1500 K and application of the calorically perfect relations can result in substantial errors. A similar range can be defined for other gases over which the gas is calorically imperfect, but still thermally perfect. At yet higher temperatures c p becomes a function of both temperature and pressure, and the gas is no longer considered thermally perfect.
NACA Rep. 1135 presents one method for computation of the 1-D compressible flow properties of a thermally perfect gas (see "Imperfect Gas Effects" 1 ) in which the variation of heat capacity due to the contribution from the vibrational energy mode of the molecule is determined from quantum mechanical considerations by the assumption of a simple harmonic vibrator model of a diatomic molecule 5 . With this assumption the vibrational contribution to the heat capacity of a diatomic gas takes the form of an exponential equation in terms of static temperature and a single constant Θ. Tables of these thermally perfect gas properties are not provided because each value of total temperature T t would yield a unique table of gas properties. Instead, NACA Rep. 1135 provides charts of the isentropic and normal shock properties for air normalized by the calorically perfect air values and plotted versus Mach number for select values of total temperature. For oblique shock waves, an even more limited set of charts is presented for shock wave angle σ, downstream Mach number M 2 , and pressure coefficient as functions of deflection angle δ for four static temperatures at two total temperatures.
Because the imperfect gas method of NACA Rep. 1135 is applicable only to diatomic gases (e.g., N 2 , O 2 , and H 2 ), a different method of computing the 1-D isentropic and normal shock flow
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properties of a thermally perfect gas was developed and described in NASA TP-3447 2 and AIAA-96-0681 3 . The method utilizes a polynomial curve fit of c p versus temperature to describe the variation of heat capacity for a gas. The data required to generate this curve fit for a given gas can be found in tabulated form in published sources such as the NBS "Tables of Thermal Properties of Gases" 6 and the "JANAF Thermochemical Tables" 7 . Actual coefficients for specific types of polynomial curve fits are published in NASP TM 1107 8 , NASA SP-3001 9 , and NASA TP-3287 10 . Use of these curve fits based upon tables of standard thermodynamic properties of gases enables the application of this method to any type of gas: monatomic, diatomic, and polyatomic (e.g., H 2 O, CO 2 , and CF 4 ) gases or mixtures thereof.
In this report, a set of thermally perfect gas equations, derived for the specific heat as a polynomial function of temperature, is applied to the calculation of flow properties across oblique shock waves. This set of equations was coded into a previously developed computer program referred to as the Thermally Perfect Gas (TPG) code. The new oblique shock wave capability was added as an optional output to the isentropic flow and normal shock wave tables of the original code. All output tables of the TPG code are structured to resemble the tables of compressible flow properties that appear in NACA Rep. 1135, but can be computed for arbitrary gases at arbitrary Mach numbers and/or static temperatures, for given total temperatures. All properties are output in tabular form, thus eliminating the need for graphical interpolation from charts. As in the original TPG code, the biggest advantage is the validity in the thermally perfect temperature regime as well as in the calorically perfect regime, and its applicability to any type of gas (monatomic, diatomic, triatomic, polyatomic, or any specified mixture thereof). The code serves the function of the tables and charts of NACA Rep. 1135 for any gas species or mixture of species, and significantly increases the range of valid temperature application due to its thermally perfect analysis.
Derivation of Oblique Shock Relations
Polynomial Curve Fit for c p
The selection of a suitable curve fit function for c p is the starting point for the development of thermally perfect compressible flow relations.
The form chosen for the TPG code was the eightterm, fifth-order polynomial expression given below, in which the value of c p has been nondimensionalized by the specific gas constant.
(1) This functional form is valid for each of the curve fit data sets of the most useful references 8,9,10 . See previous documentation of the TPG code for more detail on this form 2,3 . Different algebraic expressions for c p /R could be exchanged for that of equation (1) within the TPG code. The form of equation (1) was selected in the current work because of its ease of implementation, and the wealth of already available data 8,9,10 . The only requirements are that closed-form solutions to both and must be known 2 .
Mixture Properties
The TPG code can be used to compute the thermally perfect gas properties for not only individual gas species but also for mixtures of individual gas species (e.g., air). The variation of the heat capacity for the specified gas mixture is (2) where Y i is the mass fraction of the i th gas species. The value of is determined from equation (1) for each component species. With a known curve fit expression for c p of the gas mixture, the value of γ for a given temperature can be directly computed, as can mixture properties of gas constant and molecular weight. Derivations of the 1-D isentropic relations and the normal shock relations from these properties are given elsewhere 2,3 .
Oblique Shock Relations Figure 1 illustrates the geometric relationships associated with a shock wave at an arbitrary shock angle σ relative to the upstream flow direction. These relationships can be expressed as and (3) (4)
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where u 1 and u 2 are the upstream and downstream velocity components normal to the shock, and w=w 1 =w 2 is the tangential velocity component which is conserved across the shock. Since only the normal component of velocity changes across the shock, the flow is turned through an angle δ. Solving equations (3) and (4) for w, a single equation can be written:
The normal velocity components can be expressed as and (6)
Thus, equation (5) can be rewritten as ,
a function of shock angle σ, deflection angle δ, and the upstream and downstream velocities V 1 and V 2 .
The continuity and momentum equations for 1-D flow across a shock wave in a shock-fixed coordinate system (a stationary shock) are and (9)
Dividing the momentum equation by the continuity equation gives (11) Using the ideal gas law ( ), equation (11) (6) and (7), equation (12) becomes , (13) a function of shock angle σ, deflection angle δ, the upstream and downstream velocities V 1 and V 2 , and the upstream and downstream static temperatures T 1 and T 2 . However, the velocity of a thermally perfect gas may be expressed as a function of temperature 2 (14)
at any point in the flow field, whether upstream or downstream of the shock. Thus, the dependencies on velocity in equations (8) and (13) can actually be expressed as dependencies on temperature.
Assuming all upstream flow conditions are known (state 1), and substituting equation (14) for V 1 and V 2 , equations (8) and (13) represent a set of two nonlinear equations for three unknowns: σ, δ, and T 2 . Given any one of these variables, the other two may be found numerically by means of Newton iteration 4 . If the shock angle σ is known, the tangential velocity component is 
a function of T 2 only, instead of both T 2 and δ as in equation (7). Thus, instead of equation (13), equation (12) reduces to a function of T 2 only and can be solved independently of equation (8) . For the case of known deflection angle δ, equations (8) and (13) must be solved simultaneously for T 2 and σ.
Once the primary variables of temperature T 2 , σ, and δ are known, all other flow quantities may be computed.
Shock Wave Figure 1 . Geometric relationships of oblique shock waves.
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(17)
where V 2 is known from equation (14).
Pressure and density downstream of the shock wave can be calculated by the normal shock wave relations 2 , noting that all velocity terms (including Mach number) are defined normal to the shock. The values of total pressure ratio p t,2 /p t,1 and the ratio of upstream-static to downstream-total pressure p 1 /p t,2 can be calculated from combinations of static and total pressure ratios 2,4 . Figure 2 illustrates the relationships between M 1 , σ, and δ for air at a sample T t . For a given M 1 and δ, two solutions exist for σ, corresponding to what are commonly called 'weak' and 'strong' shock waves. A maximum flow deflection angle δ max exists for any M 1 , defined as the point at which the weak and strong shock solutions coincide. Strong shock waves always result in subsonic downstream Mach numbers and have shock wave angles approaching 90°. Weak shock waves are those for which the corresponding wave angle σ is less than that at which δ max occurs, and usually result in supersonic downstream Mach numbers, except as σ approaches σ(δ max ).
Oblique shock waves can only exist at Mach numbers above a limiting case, i.e., M 1 >M 1,lim . For a given σ, the limiting Mach number is that at which the Mach angle equals the shock angle, i.e., µ=σ, where the Mach angle µ is defined by (20) At these conditions the shock strength and δ reduce to zero. For a given δ, the limiting case M 1,lim corresponds to the Mach number for which δ=δ max . From a physical perspective, this limit is the minimum Mach number at which an attached shock wave can occur at the leading edge of a wedge. Below M 1,lim the flow results in a detached strong shock wave standing a finite distance upstream of the wedge leading edge, and the flow approaching the point of turning is subsonic, not supersonic. 

Oblique Shock Code Description
An interactive FORTRAN computer code, herein referred to as the TPG code, has been written based on the equations described herein and in previous work 2,3,4 . The code delivers a complete table of results within seconds when run on a computer workstation or personal computer. The purpose and primary output of the code is the creation of tables of compressible flow properties for a thermally perfect gas or mixture of gases (styled after those found in NACA Rep. 1135). In addition to isentropic flow and normal shock wave properties, the TPG code now computes properties across oblique shock waves, given either the shock wave angle σ or the flow deflection angle δ. Tabular entries may be based upon constant increments of Mach number, or constant decrements of static temperature from the total temperature.
As in previous versions 2, 3 , the utility of the TPG code is its capability to generate tables of compressible flow properties of any gas, or mixture of gases, for any total conditions over any specified range of Mach numbers or static temperatures T<T t . The code recognizes that the properties of thermally perfect gases vary with both total temperature T t and static temperature T, rather than with only the ratio T/T t . A complete description of the TPG FORTRAN code, Version 3.1, is given in NASA CR-4749 4 and NASA TP 3447 2 , including the specification of a thermochemical data file for the gases of interest.
Sample Tabular Output Table 1 shows a sample of the tabular output in the single table format for a shock angle of 30°i n air at T t =1500 K. Following a summary of the gas mixture definition are columns of data for the isentropic flow properties and the properties across the oblique shock wave. For a given shock angle, the minimum flow deflection is 0°, corresponding to a shock wave of zero strength, i.e., a Mach wave. Thus, the minimum Mach number of 2.0 for a 30° shock angle is determined by the equation for the Mach angle, equation (20) . For all non-subsonic Mach numbers the code outputs an informative message stating the minimum σ(=µ) for that Mach number. At subsonic Mach numbers there is obviously no solution to the shock relations, as noted in the output.
Tables 2(a) and (b) illustrate the TPG tabular output for a constant flow deflection angle δ. Table 2 (a) gives the weak shock solutions, and 2(b) gives the strong shock solutions (i.e., σ approaches 90° and M 2 <1). In these cases the limiting Mach number is determined by the maximum flow deflection angle for which the flow would remain attached to the leading edge of a wedge with half-angle δ. That is, solutions to equations (8) and (13) only exist below some δ max , and are double-valued in that regime. At Mach numbers below the corresponding limiting M 1,lim , an informative message notes the δ max .
Oblique Shock Code Validation
The oblique shock wave capabilities within the TPG code were validated in the same manner as were the basic isentropic flow and normal shock wave methods 2,3 , both in the calorically perfect and in the thermally perfect temperature regimes. In the current development, a normal shock wave is simply a special case of an oblique shock wave with σ=90°; i.e., the previous validations still hold for this special case.
Calorically Perfect Temperature Regime
The first validation test of the TPG code's oblique shock wave capability was the verification of accuracy in the calorically perfect temperature regime with air as the test gas. In this temperature regime, the specific heat of air is nearly constant and the TPG code results should be nearly identical to results obtained from the calorically perfect formulas of NACA Rep. 1135. For these test cases, data for standard four-species air was used along with the standard values for the mass fraction composition of air. The total temperature was set to 400 K, a temperature considered within the calorically perfect temperature regime for air. Properties were computed from stagnation conditions to Mach 10, at Mach number increments of 0.1. In the case of real air at T t =400 K, liquefaction would occur well before Mach 10; the data is presented to that extreme herein merely for comparison with the calorically perfect gas tables of NACA Rep. 1135 (which, incidentally, extend up to Mach 100). 
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except total pressure ratio p t,2 /p t,1 . Even for this most sensitive variable, the differences are less than 1%, and that value is approached only at the largest shock angle and for Mach numbers approaching 10. These small differences actually represent the small amount of error associated with the calorically perfect gas assumption 2 . A slight variation with temperature actually exists in the heat capacities even at such a low T t , and is the cause of the variations seen in figures 3 and 4.
Thermally Perfect Temperature Regime
Outside of the calorically perfect temperature regime, the TPG code was validated by comparisons with results obtained via the imperfect gas relations of NACA Rep. 1135 (i.e., the Θ-equations for a diatomic gas) for the properties of δ, M 2 , p 2 /p 1 , T 2 /T 1 , ρ 2 /ρ 1 , and p t,2 /p t,1 . The test cases involved standard four-species air at total temperatures of 1500 K and 3000 K, and at shock wave angles of 30° and 50°.
The calculation for a total temperature of 3000 K is presented as an extreme case to illustrate application of the TPG code over an extended temperature range under the assumption of chemically frozen flow (i.e., frozen composition). The presentation is in the same spirit as that of previous works 6, 7 , where data is presented to 5000 K and 6000 K, respectively. As always, users must keep in mind the applicability of the assumption of frozen flow to a particular problem.
Figures 5(a)-(f) present ratios of the thermally perfect gas properties to the calorically perfect properties at identical values of M 1 to yield a measure of the imperfect gas effects. Results are shown for both total temperatures and both shock angles, for both the TPG code and the Θ-equation method of NACA Rep. 1135
1 . The two thermally perfect gas methods agree extremely well for this approximately-diatomic gas. Cursory examination of the plots shows that imperfect gas effects increase with both total temperature and shock angle. For some flow conditions the differences appear to be negligible, but, for other conditions, the differences can be large. Also, not all properties appear to be equally sensitive to caloric imperfections.
Differences due to caloric imperfections of 10% or greater are observed for temperature, density, and total pressure ratios at the higher total temperature and greatest shock angle. Caloric imperfection differences on the order of 4-5% are observed for all variables except static pressure ratio, even at the lower total temperature. Also, the magnitudes of the caloric imperfections do not vary uniformly with Mach number. The effects on δ are largest at lower M 1 , but are larger for other variables at higher M 1 . For static pressure ratio, the sign of the caloric imperfection effect changes as M 1 increases. Thus, the use of the calorically perfect relationships could result in substantial errors, particularly in the design or analysis of flows with a sequence of such shock waves.
The differences between the two thermally perfect gas methods can be seen to be small (typ- Figure 3 . Effect of caloric imperfections on oblique shock wave properties within the calorically perfect temperature regime; air, T t =400 K, σ=30°. Figure 4 . Effect of caloric imperfections on oblique shock wave properties within the calorically perfect temperature regime; air, T t =400 K, σ=50°. igure 5. Effect of caloric imperfections on oblique shock wave properties; comparisons between TPG and NACA Rep. 1135 for T t =1500 K and 3000 K, and σ=30° and 50°.
ically less than 0.25%). This excellent agreement verifies the accuracy of the TPG code with the derived thermally perfect gas relations for oblique shock waves based upon polynomial expressions for c p . Although these test cases were all for air, which is a primarily diatomic gas, the TPG code is also valid for polyatomic gases. The utilization of a polynomial curve fit for c p makes the TPG code applicable to any molecular structure of the gas, not just the diatomic structure upon which the Θ-equations (of NACA Rep. 1135) are based.
Comparisons with CFD
For arbitrary mixtures of non-diatomic gases outside of the calorically perfect temperature regime, no exact method was available with which to validate the TPG code's oblique shock wave capability. A further illustration of the TPG code flexibility and robustness is shown by comparison with a computational fluid dynamics (CFD) Euler solution (i.e., inviscid flow) obtained using the General Aerodynamic Simulation Program (GASP) 11 . GASP solves the integral form of the governing equations, including the full time-dependent Reynolds-averaged NavierStokes equations and various subsets: the ThinLayer Navier-Stokes equations, the Parabolized Navier-Stokes equations, and the Euler equations, including a generalized chemistry model and both equilibrium and non-equilibrium thermodynamics models. The current computations utilized space marching (i.e., totally supersonic flow) for the inviscid Euler equations. Thirdorder upwind inviscid fluxes were calculated using Roe's split flux normal to the flow direction with Min-Mod flux limiting. The NASA Lewis Research Center equilibrium curve fits for specific heat 8,9,10 of the same form employed within the TPG code defined the thermodynamic characteristics of the gases within GASP.
Since the Θ-equations of NACA Rep. 1135 are valid only for a single-species diatomic gas, CFD test case conditions were selected to highlight the flexibility of the TPG code. The gas chosen was a two-species mixture of 20% steam and 80% CO 2 by mass, neither species being diatomic. Upstream conditions were set at The TPG code provides valid results as long as its application is within the thermally perfect temperature regime for the gas of interest. Outside of the region for which c p is a function of temperature only, the thermally perfect results produced by TPG will no longer accurately reflect what actually happens in nature. Dissociation will occur above some upper temperature limit, and will cause a deviation from thermally perfect theory due to a changing composition of the gas mixture. At the opposite extreme, below some lower temperature real gas effects will become important (i.e., intermolecular forces will not be negligible). The TPG code user must remain aware of these high and low temperature boundaries associated with the thermally perfect assumption for the particular gases under consideration. Note that these are boundaries associated with the physical properties of the gases, and are distinct from the upper and lower temperature limits associated with the polynomial curve fits utilized within the TPG code. These * Cray Research, Inc., Minneapolis, MN 55402. † Sun Microsystems, Inc., Mountain View, CA 94043.
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latter curve fit limits are tracked within the code, and warnings are output by the TPG code when these limits are exceeded. The limits of the thermally perfect assumption are the user's responsibility, and are dependent upon the specific gas properties and flow conditions 2 .
Conclusions
A set of compressible flow relations describing flow properties across oblique shock waves has been derived for a thermally perfect, calorically imperfect gas, and applied within the existing thermally perfect gas (TPG) computer code. The relations are based upon the specific heat expressed as a polynomial function of temperature. The code produces tables of compressible flow properties of oblique shock waves, as well as the properties of normal shock waves and basic isentropic flow, in a format similar to the tables for normal shock waves found in NACA Rep. 1135. The code results were validated in both the calorically perfect and in the calorically imperfect, thermally perfect temperature regimes through comparisons with the theoretical methods of NACA Rep. 1135. The TPG code is applicable to any type of gas or mixture of gases; it is not restricted to only diatomic gases as are the thermally perfect methods of NACA Rep. 1135. This utility is illustrated in comparison with a state-of-the-art computational fluid dynamics code.
The TPG code computes properties of oblique shock waves for given shock wave angles, or for given flow deflection (wedge) angles, including both strong and weak shock waves. Both tabular output and output for plotting and post-processing are available. Typical computation time is on the order of 1-5 seconds for most computer workstations or personal computers, and the user effort required is minimal. Thermally perfect properties of flows through oblique shock waves may be computed with less effort than has traditionally been expended to compute calorically perfect properties. Errors incurred from using calorically perfect gas relations, instead of the thermally perfect gas equations, in the thermally perfect temperature regime have been shown to approach 10% for some applications. 
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